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74, Given an €> 0, by definition of convergence there
corresponds an N such that for all n<N, |L1 - a,;l <€ and

ILZ'—- anl < €. (There is one such number for each series,

and we may let N be the larger of the two numbers.) Now

Lo~ Li|=|t, -2, +a, - L)
<lL2—a l+|a LI
<e+te
=2€

‘Lz - Lll <2e says that the difference between two fixed

values is smaller than any positive number 2¢ . The only
nonnegative number smaller than every positive number

is0,s0 IL2 —Lll =0or Ly =L,.

75. Consider the two subsequences @, and g;,y» where
,%ifia"(") =L, ’111_131 Ay = L,,and L, # L,. Givenane>0
there corresponds an N; such that for k{(n) > Nj,
|ak(n) —Lll <¢€, and an N, such that for i(n)>N,,
lai(n) - in <e. Assume g, converges.
Let N =max {Nl, Nz}- Then for n> N, we have that
|an —Lll <eand |‘1,. —L2| < e for infinitely many ». This
implies that ]jm a,=L; and h'ml a, =L, where L, # L,.

Since the hmlt of a sequence is unique (by Exercxse 55),
a, does not converge and hence diverges.

3n+1
n+l

76()11m =3 -

. (b) The line y = 3 is a horizontal asymptote of the graph of
3x+1

the function f(x)= , which means lim f(x)=3.
x+1 x—3ea

Because f(n)=a, for all positive integers , it follows
that lim @, must also be 3.

n—seo

Section 9.2 Taylor Series (pp. 484-494)

Exploration 1 Designing a Polynomial
to Specifications

1. Since P(0) =1, we know that the constant coefficient is 1.
Since P’(0)= 2, we know that the coefficient of x is 2.

Since P”(0)=3, we know that the coefficient of %2 is %

(The 2 in the denominator is needed to cancel the factor
of 2 that results from differentiating x2.) Similarly, we find
5

the coefficients of x> and x* to be f'- and —.

6 24

Thus, P(x)=1+2x+252 + 553 + 2 5%,
2 6 24

Exploration 2 A Power Series for the Cosine
1. cos(0)=1
cos’(0)=—sin(0)=0
cos”(0)=—cos(0)=—1
cos®(0) =sin(0)=0

etc.
The pattern 1, 0, -1, 0 will repeat forever. Therefore,
2 4 6
x x" x
P.(x)=1—"—+>—~——, and the Taylor series is
A RPTRCE Y
2 4 6 2n
A AR AR, | +
2 4! 6! 2n)!

2. A clever shortcut is simply to differentiate the prev1ously—
discovered series for sin x term-by-term!

Exploration 3 Approximating sin 13
1. 0.4201670368...
4, 20 terms.

Quick Review 9.2

1 f(x)=e*
f!(x) = 232):
f"(x) - 4er
f/”(x) — 882):
f(n) (x) =" er

2. f(x)=—x—1_—1

Fe=-G-172

e =2-17
F(x)=—6(x-1™

FP @) =) nle -1

3. fx0)=%
fi(x)=3"I3
Fx=3m3)>
f'”(x) - 3x (ln 3)3
fP®) =53

4. f(x)=In(x)
F=x"
FrEy=—x"
fm( x) 2x—

f(4)(x)_
)= (—1>"*l(n 1)'x_" forn>1
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5. f(x)=x" ‘ 3, p(0)=_1___=l
’0 n—1 x+2 2
f(x)=nx _ . )
Frx)y=nn-Dnx"? PO=———=—
F(x)=nn-1)(n-2)x""> (x+2) .
f(k)(x)= n! <k P (O)::(x+2)3=z
(r:_k)! 6 3
" nt PIII 0 - —
fP=g0 =n! O=-—"F="%
&) () = 24 =§
o o dx m_ 2 PO i
dc dxn!l nl  (n=D)! ‘ POy 120___15
n n n n-1 n n—1 (x+2)6 8
7. &_d2 G-a) _2'n(x-a)” 2'(x-a) R E
dc dx  nl n! (n—1)! , B()=-"g+ 53t 23 22 gé(—l) i
dy_dl, e X | e @uaDe 1)
s'dx_dx[( D (2n+1)!]_( V@t~ @y 4. P(O)=¢'=e¢
: P(0)=—e""=—e
&y_d +a” _n(xta)™ _(@+ay P ()= =e
dx dx (271)' - (Zn)l (2)1'—].)' Pm(O)___el—x -

(4) = 1—x=
d_d (=0"_nl-x"'()__(-xn-1 P )=e " =e

10. = PO ()= —et* = —
& dx nl n! (n-D! © e5 + s
. P (x)=-e +ex——ezc—-+ef———ex+e Z(—l)
Section 9.2 Exercises 5 51 41 31 =
1. P(0)=+v1+x% =1 - " 5. Substitute 2x for x in the Maclaurin series for sin x shown at
x the end of Section 9.2.
PI(O) - =0 3 5 2n+1
\[x7'+1 : sin2x=2x—(—?'—{)—4+(—2-&—--' +(=D" (2x) +.
” 1 - _ 3! 51 2n+1)!
PO~ g et
0 -3x 3 15 2n+1!
POy = %+ 1)5/2 - This series converges for all real x.
POQ)= 3(4x D_ 4 6. Substitute ~x for x in the Maclaurin series for In(1+x)
%+ 1)7/2 3 shown at the end of Section 9.2.
1 1
P4(x)=—§x4+5x2+1 : In(l—x) = (- x)_(__ﬂ_ Lf).__....;_( 1)"“1( x)
' 2 3
2 3 "
2. P(0)=¢%* =1 R 2 S A
, 2 2 3 n
P0)=2¢" =2 : This series converges when —1 < —x <1, so the interval of

P"(0)=4¢* =4

convergence is [-1, D).
P”’(O) - 832x =8

PP (0)=16¢** =16 7. Substitute x for x in the Maclaurin series for tan~' x shown
2.4 45 2 at the end of Section 9.2.
Py (x) =§x +§x +2x° +2x+1 0P () (x2y2
tan " x% =% - L (D) Foes
53 5 2n+1
10 _q\1 ANt
ST AP S LAt 2l
3 5 2n+1

This series converges when ‘xz\ <1, so the interval of

convergence is [1, 1].
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2 x"

8. 7xe"=7x(1+x+£—+---+ T+
21 n!
3 n+l
CTx T A e
’ 2! n!

This series converges for all real x.’

9. cos(x+2)= (cos_2) A(cos x)—(sin 2) (sin x)

2 4 2n
= XL e E
—(COSZ)[I 2!+4! +(-1) (2n)!+ ]
3 5 2n+l
—@in2)| x— T ()
3t 5! @2n+1)! :
(cos 2)x? L Gn 2)x> , foos 2)x*
21 3! 41

= (cos 2)— (sin 2)x —

_(sin2)x°
5!

We need to write an expression for the coefficient of xk.
(-1)"(cos 2)
(2n)!
(1% (cos 2)

k!

If k is even, the coefficient is where 2n = k.

Thus the coefficient is , which is the same as

-y intl(k+1)/2]
Q_L___(c_?iz_)_ If k is odd, the coefficient is

k!

e .

DT En2) 1 where 2n + 1 = k. Thus the coefficient is
@n+1)! ' ‘

kD2 s

(—D——(Sili?‘l, which is the same as
@n+1)!

- qyinti(k+1)/2]
L.lL._Id—@()ﬂ_ Hence the general term is

(1" Bx" n+l

' , where A=int(—2—), and B=sin 2 ifnis odd
n!

and B =cos 2 if n is even.
Another way to handle the general term is to observe that

—sin 2=cos(2+%),—cos 2 =cos (2+ ), and so on, 50

the general term is [l' cos(2+£27£)]x". The series
nl

converges for all real x.
2 4 2n
10. %2 cos x=x2| 1= Tt T (1) T
2! 4! @n)!
4 6 _1\n o 2n+2
RS A SO ) i
2 24 @n)!

The series converges for all real x.
11. Factor out x and substitute x> for x in the Maclaurin series

for I—l_— shown at the end of Section 9.2.
—-X

12.

13.

14,

15.

16.

(e
1-x° 1-x°

=x[l+2° + ()2t () ]
=x+xt x4k

The series converges for |x3| <1, so the interval of
convergence is (41, 1).

Substitute —2x for x in the Maclaurin series for ¢* shown at
the end of Section 9.2.

i, AV " AL
e"2‘=1+(-2x)+( 22x) e B

! n!
_N\Ann . n .
=1_2x+2x2_...+££x_+...
)
The series converges for all real x.
1 1
PO =——===
© 1-(x-2) 3
- x—2)"
Pey= 3 O3
o
_ o2 _m3
1 x 2+(x 2 (=x-2 e
3 3 33 3*
1
PO
o y2 (x=D"
P(x)= Pt
) E{, 2" n!
2 3 . 4
2 V2 =D v =D, G=1" e (x~1)
2 2221 2%31 2441
(a) Since fis a cubic polynomial, it is its own Taylor
polynomial of order 3.

P3(Jc)=163—23c+40174—2'x+x3
® FO=x"-2x+4 =3
x=1

Fy= 327 —2] L=t

”(1) - 3
2!
Frmy=6_ =650 8 3'(1) =1
Py(x) =3+ (x—D+3(x 1% +(x-1)°

fr)=6x|_ =6, 0 f

(a) Since fis a cubic polynomial, it is its own Taylor'
polynomial of order 3.

P3(x)=2x3+x2+3x—8 or—8+3x+x? +2x°
(b) f(1)=2x3+x2+3x—8\ =2
x=1

f'(1)=6x2+2x+3\ =1
x=

o _ o
fry=12x+2 _ =14, s0 > =7

FO_,
]
P(x)=-2+11(x-D+7(x-D* +2(x—1)*

Fry= 12L=1 =12, 50




2
= B
A
g
3 B
=
is;
[ ]
ki
ki
2
11
£
%’3,
i

17. (a) Since f(0)= f'(0)= f”(0)= f"(0)=0, the Taylor
polynomial of order 3 is P (O) =0.

(b) f(1)= X4|x=1 =1

FO=45 =4
” — 2 _ f”(l) _
) =12x L=1 =12, 50 1 =6
" ¢))
F()=24x _ =24, 50 TR

B(x)=1+4(x—-D+6(x—1)" +4(x~1°

18. f(2)=—1—x=2 =%
F@=-_ =7
rro=_ =t o L2
Py() =2

16
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20. f(%):cosxlx=ﬂ/4=i2_%
NEATD 2
(5] 2
o7
f”(—ni)— cosxl = \/E sof (4)———@
4 w=nfd Q] 21 4
”"r E
f,,,(g)_sml it (4)_[2
4) " Th=mfeT o7 311
Po(x)—%i_
ﬁ(x):ﬁ—(—g](x~%)

21. f(4)=x"| =2

Fay=tol 21
x=4 4
” 1 —-3/2 f”(4) 1
4 o —_ = — -
FO==x 7 TP T T e
Y3 3 —5/2 3 f ”’(4) 1
4)=> N R . N T
=g T a2
Py(x)=2
x—4
P)=2+212
1(-75) 4 i
x—4 (x—4)
p)=2+2 2 2
2(%) 4 64
_ _A\2 _4y3
%(x)=2+x 4 (x-4) +(x 4)

4 64 512

- B2, 60

22.(a) Py(x)=4+5x+ 2!Jc +3!x
=4+5x—4x +1°
F(0.2)=P,(0.2)=4.848

(b) Since the Taylor series of f’(x) can be obtained by

389

differentiating the terms of the Taylor series of f(x),
the second order Taylor polynomial of f(x) is given

by 5—8x+3x2. Evaluating at x= 0.2, f'(0.2)=3.52

23. (@) By(x)= 4+(—1)(x—1)+%(x—1)2 +—32’—'(x—1)3

=4—(x—1)+—32—(x—1)2+%(x—1)3
f(1.2)=Py(1.2)=3.863
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23. Continued
(b) Since the Taylor series of f'(x) can be obtained by
differentiating the terms of the Taylor series of f(x), the
second order Taylor polynomial of f'(x) is given by
—1+3(x—1)+(x —1)%. Evaluating at
x=1.2, f'(1.2)=-0.36

1
24.(a) S =2, FO==7.
(a) Since f'(0)x f( )= 2! 5
) (10)(0) L0 = a0 g 1
Si =—
% o f e TTRT
(b) Multiply each term of f(x) by x.
LI B £l
) = x4+t St +
21 .31 41 (n+D!

(c) gx)=¢€"~1

25. (a) Substitute % for x in the Maclaurin series for ¢* shown

at the end of Section 9.2
2 n
5. .G
2
ex/2 =1+£+___+...+_2__+...
2 2 n!

x x2 x"
=144+t
2 8

2" «

x? x3 x"
Xt D
21 31 n!

x x2 n—1
=1l+—+—+-
2t 31 n!

This can also be written as
x x x"

1+ 4+t +
21 3! n+!

HIH

-1 (X)(f-’) (e -

x

(c)g()~

xe* —e* +1
2

e— e+1

=1

gm=

From the series,

, d x x> X x"

g=— e e L o
21 31 41 (n+1)!

1 2x 3x2 nx"
=ttt
21 31 4 (n+1)!

Z(n+1)'

- n
Therefore, g'(1) = ) ———, which mean
erefore, g’(1) ,,2=1('1+1)! Wi means

ca

n
z(n+1)!”

n=1

26. (a) Factor out 2 and substitute #* for x in the Maclaurin

series for Il—- at the end of Section 9.2.
-

=

2
=
1-¢
= 2[1+t F(EPR P+ o+ (@) +]
=24202 426 4208 ek 2P e
(b) Since G(0)=0, the constant term is zero and we
may find G (x) by integrating the terms of the series
for f(x).
2% 2x° 2_x?_ 2524

Gx)=2x+——+—+ SaE
3 5 7 2n+1

2.) FO)= (1+x)1/2l !

FO=30+07" ~ -1
f”(0)=—211-(1+x)_3/2 x=0=_i, oL 2('0) _%
fro=30e0 =3, o1
P = 1+2_£+§_

(b) Since g(x)=f (x)z, the first four teams are

2 x* X

TS
2 16

(¢) Since h(0) = 5, the constant term is 5. The next three

terms are obtained by integrating the first three terms of
the answer to part (b). The first four teams of the series

3 5
for h(x) are 5+x+—6~——4—6
28.(a) aqy =1
al—%ao=3-1 3
3 3 9
©=3473"%%2
3 9
a, gaz—-a2=5



28. Continued
(a) Since each term is obtained by multiplying the previous

n

3
term by —, a, =—.
n n!

o g
Zanx" =_1+3x+2x2 +—9—x3+---+——x" +eer
=0 , 2 3 n!

. . . =, (3x)"
(b) Since the series can be written as z

|
n=0 n

, it
represents the function f(x)= e,

© f)=3"

=3¢
x=1
29, First, note that cos18 = 0.6603.
. i - x2n
Using cosx= ) (-1
o @n)!
commands on your home screen and continue to hit
ENTER.

CEENES)

M+1-+ME T+¢ -1 )“‘H*%
B 2N/ (2N ] f:ll-éi

4213
~43826.2

, enter the following two-step.

The sum corresponding to N =25 is about 0.6582 (not
within 0.001 of the exact value), and the sum corresponding
to N =26 is about 0.6606, which is within 0.001 of the
exact value. Since we began with N = 0, it takes a total of
27 terms (or, up to and including the 52nd degree term).

30. One possible answer: Because the end behavior of a
polynomial must be unbounded and sin x is not unbounded.
Another: Because sin x has an infinite number of local
extrema, but a'polynomial can have only a finite number.

31. (1) sin x is odd and cos x is even
"(2)sin0=0andcos 0=1
32, Replace x by 3x in series for sin x. Therefore, we have
5 5
o ¥ 8
5! 5! 40

3
33. Since %a—lnx =2x~2, which is % atx =2, the coefficient

1
shol
31 24

34, The linearization of fat a is the first order Taylor
polynomial generated by fatx = a.
4x
x%+1
_ (@ D@ - @) (2x)
- 2 +1)
_ 4-4x?
T+

35, (a) Since f'(x) = %

Section 9.2 391

. webave f(0)=0, f(0)=4, f(\/3)=+/3 and

f’(\/—é) = —%, so the linearizations are L;(x)=4x and

1 .
L,(x)= \/g—a(x-\/g) = —-;—x+—z- 3, respectively.

]

7

2,41 by [-3,3]

(b) f”(a) must be 0 because of the inflection point, so the

second degree term in the Taylor series of fatx=a is
Zero.

0 — » ‘
36. The series represents tan 1 x. When x=1, it converges to

tan~'1= % ‘When x=-1, it converges to
.
tan l (1) =—=.
b i
37. True. The constant term is f(0).

38. False. It is —2 because the coefficient of X is —f—;‘—ol

3
39.E. f(x)=o+x+o+3§'—

f(x)=%x3+x

4

40. A. 3 = 21
41 8

41.C

42. A

1 x3 xS x2n+1
= x___+__...+(_1)" FI
X i :

31 5l QCn+!
2 4 2n
=1-2 X o
3t 5 @n+1!
(b) Because fis undefined at x=0. .

k=1

44. Note that the Maclaurin series for —1— is

—-x
14+ x+x2 ++--+x" +-:-. If we differentiate this series and
multiply by x, we obtain the desired Maclaurin series
x%+2x2 +3x +++-+nx" 4. Therefore, the desired

d 1 = 1 x

funcu'onisf(x):xdxl_x =x(1_x)2 B - |
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45. (a) f(x)=(1+x)"
Fxy=m+x)™!
F(x) = mm=1)(1+x)">
(%) = m(m—1)(m~2) 1+ x)"

(b) Differentiating f(x) k times gives

O () =mim=1)(m~2) -+ (m—k+D(L+x)""F.
Substituting 0 or x, we have
F®0) = m(m—1Ym—2) --- (m—k+1).

(c) The coefficient is
f(k)(o) _mm-D(m~2)-- (m—k+1)
K k!

(d) f(0)=1,f'(0)=m, and we’re done by part (c).

46. Because F(x)=(+x)" is a polynomial of degree m.
Aliernately, observe that f ®(0)=0 forkzm+1.
Section 9.3 Taylor's Theorem (pp. 495-502)
Exploration1 Your Turn
1. We need to consider what happens to R, (x) asn— co. By
f(n+1) ( C)
(n+D!

f D () is the (n+1)st derivative of cos x evaluated at
some ¢ between x and 0. As with sin x, we can say that

f (D) (¢) lies between —1 and 1 inclusive. Therefore, no

Taylor’s Theorem, R, (x)= (x—0)", where

matter what x is, we have
(n+1) "
IR, ()= 7O oy bl A
(n+1)! [(n+1)1” | (1)

factorial growth in the denominator, as noted in Example 3,
eventually outstrips the power growth in the numerator, and

n
I
(n+D!
for all x, which completes the proof.

we have

—> 0 for all x. This means that R, (x)—0

Exploration 2 Euler's Formula

.2 43 . \n
1. eix =1+ix+(_"&+(_ui)__+...+ﬂ_+...

2! 3! n!
2 3 4 5 n
X x .x an X
=14 — it i — e () e
21 3t 41 5! 7 onl

2.

If we isolate the terms in the series that have i as a factor,
we get:

2 3 4 5 n
TP S Y S A NN ) LA
2t 31 41 5L nl
2 4 _6 2n 3
=]_._.'_x__+ic_..._§__+...+(_.1)” x —eveef I x__J.c_
2t 41 6! @n)! 3!
5 7 2n+l
+.J_c.__'_x__+...+(_]_)” * 4o
51 7! @n+!
=cosx-+isinx.

(We are assuming here that we can rearrange the terms of a
convergent series without affecting the sum. It happens to
be true in this case, but we will see in Section 9.5 that it is
not always true.)

. & =cosm+isnm=—-1+0=-1

Thus, ™ +1=0

Quick Review 9.3

1.

10.

. Since the minimum value of f(x) is f(-1)= ——;— and the

Since l f (x)l = |2cos(3x)l <2on
[—27,2n] and f(0) =2, M =2.

. Since f(x) is increasing and positive on

L2, M=f2)=1.

. Since f(x) is increasing and positive on

3,01, M= f(0)=1.

maximum value of 7(x) is f(1)= % M= .;_

. On [-3, 1], the minimum value of f(x) is f(~3)=~7 and

the maximum value of f(x) is £(0)=2.0n (1, 3], fis
increasing and positive, so the maximum value of fis
f@3)=5. Thus |f(x)|<7 on [-3,3]and M =7.

. Yes, since each expression for an nth derivative given by

the Quotient Rule will be a rational function whose
denominator is a power of x-+1.

. No, since the function f(x) = |x2 - 4| has a corner at x =2.

. Yes, since the derivatives of all orders for sin x and cos x

are defined for all values of x.

. Yes, since the function f(x)=¢ ™" has derivatives of the

form £ (x) = —¢™* for odd values of n and f M (x)=e™*
for even values of n, and both of these expressions are
defined for all values of x. o

No, since f(x)= x 2. we have f'(x)= %xlﬂ and

fx)= %x_llz, 50 f7(0) is undefined.




